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Abstract. Let / : C —> R 3 be complete Willmore immersion with f s |A/| 2 < +oo. We 
will show that if / is the limit of an embedded surface sequence, then / is a plane. As an 
application, we prove that if £*, is a sequence of closed Willmore surface embedded in R 3 
with W(Efc) < C, and if the conformal class of converges in the moduli space, then 
we can find a Mobius transformation or, such that a subsequence of m (W) converges 
smoothly. 


1. Introduction 

Let / : E —y M 3 be an embedding. We define the first and second fundamental form of 
/ as follows: 

g = Qijdx * 1 <g) dxP — df 0 df , and A = Aijdx 1 <g) dx 3 = — df ® dn. 

Let H = g lj Aij be the mean curvature, and K be the Causs curvature. It is well-known 
that 

(1.1) H = Hn = A g f. 

We say / is minimal, if H = 0, and Willmore if H satisfies the equation: 

(1.2) A g H + t^(\H\ 2 — AK)H = 0. 

Note that (11.21) is the Euler-Langrange equation of Willmore functional [19] : 

W(f) = i J \Hfdp g . 

Now, we let / be an embedding from C into M 3 . We assume / is complete, noncompact, 
with f c \A\ 2 < +oo. It is well-known that when / is minimal, / must be a plane [TS]. In 
this paper, we will show that such a result is also true when / is Willmore: 

Theorem 1.1. Let f : C —» M 3 be an complete Willmore embedding. If f c \A\ 2 < +oo, 
then /(C) is a plane. 

Remark 1.2. In [4], Chen and Lamm has proved that any Willmore graph over K 2 in 
M 3 must be plane, whenever it has finite ||A|| L 2 . 
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Luo and Sun proved that if the Willmore functional of the Willmore graph is finite, 
then \\A \\ L 2 is finite [T3j . However, this is not true for an embedded Willmore surface. 
For example, helicoids are embedded minimal surfaces (W = 0), but have infinite ||^4||i,2. 

Next, we will show that Theorem 1.1 still holds if we replace ‘embedding’ with ‘the 
limit of an embedding sequence’: 

Theorem 1.3. Let f : C —» R 3 be a conformal complete Willmore immersion with 
fc H 2 < Too. If there exist R k —> Too and embedding fik '■ DR k —» R 3 , such that f k 
converges to f in CS^Dfi) for any R, then /(C) is a plane. 

As an application, we will prove the following: 

Theorem 1.4. Let X*. be a sequence of closed Willmore surface embedded in R 3 . We 

assume the genus is fixed and < C. If the conformal class of Y k is contained in 

a compact subset of the moduli space, then we can find Mobius transformation o k , such 

that (Tfc(Sfc) converges smoothly. 

Remark 1.5. Let be a Willmore surface immersed in R 3 and R 4 . Bernard and Riviere 
[lj proved that if 

WfiF k ) < min{87T, u;”} - 6, 

modulo the action of the Mobius group, {X fe } is compact. By results in [S] ( see also m, 
when W{Y>k) < min{87r, aT} — 8, the conformal class ofY k must be compact in the moduli 
space. Moreover, by Li-Yau’s inequality mi,E fc is an embedding when WifUfi) < 8tt. 

When / has no branches at oo, Theorem 11.11 and Theorem 11.31 can be deduced directly 
from the removability of singularity [9] and the classification of Willmore sphere in S 3 [2j. 
In fact, the results in [2] imply the following: 

Lemma 1.6. Let f : S 2 —>■ R 3 be a Willmore immersion. If f has no transversal self- 
inters ectiones, then f is an embedding and f(S 2 ) is a round sphere. 

Then, to get Theorem 11.11 and 11.31 we only need to prove / has no branches at oo. For 
this sake, we will prove the following: 

Lemma 1.7. Let / : C \ Dr —y R 3 be a smooth conformal complete embedding with 
\\A\\ l 2(c\d r ) < +oo, lim \f(z) \ ■ \ A(z)\ < Too. 

\z \—>+oo 

Then 

e 2 (f(p^C\D R ),oo) = l. 

Lemma 1.8. Let f : C \ D R —> R 3 be a smooth conformal complete immersion with 
P|Utc\d h ) < +°T lim \f{z)\ ■ \ A(z)\ < Too. 

\z \—^+oo 

If there exists embedding fik '■ D Rk \ D R —> R 3 , which converges to f 0 in C 2 (D R i \ Dr) for 
any R' > R, then 

0 2 {f( f v g cC\D R ),oo) = l. 

Acknowledgements. The author would like to thank Prof. Xiang Ma and Prof. Peng 
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2. Complete Willmore embedding of C in M 3 with f \A\ 2 < +oo 
In this section, we will prove Lemma II . 71 and use it to prove Theorem 11.11 
2.1. The proof of Lemma 11.71 By Theorem 4.2.1 in [T4], we may assume 

(2.1) g = e 2u g euc , with u = mlog \z\ + cu, 

where m is a nonnegative integer and lim,_ i . 0O a;(^) exists. Moreover, we have 


lim 


I/I 


0 w(oo) 


(2.2) _ . . ^ 

PK+oo \z\ m+1 m + 1 

Also by Theorem 4.2.1 in pH], we can obtain 

(2.3) d 2 (f(fi g \-C \ Dr), oo) —m + 1. 

Let f k (z ) = , where ry -A +oo. Let H k , A k be the mean curvature and the second 

r k 

fundamental form of fk respectively. By (II.ip . 

A f k = \H k \Vf k \ 2 . 

Since |V/fc| = \f2\z\ m e u ^ rkZ \ we have 

||A/ fc || L 2 (Dr \ Dl) < C(r)W(f k ,D r \Di), and lim \z\~ m \Vf k \ - = 0. 

r r k ->+oo C°(D r \D l) 

r 

Noting that W(f k , A- \ D±) < W(f) and f k ( 1) -A we get 

\\Afk\\L 2 (Dr\Di) + II A-1| vu 1 ’ 2 ( j d t .\z?i ) < C(r). 

r r 

Applying elliptic estimates, we have \\f k \\w 2 ’ 2 (D r \D 1 ) < C(r). Thus we may assume f k 

r 

converges to fo weakly in IT 2,2 (A- \ D i). Then we may assume df k <g) df k converges to 

r 

dfo & dfo in L q (D r \ D i) for any q > 0. Noting that 

r 

dfk 0 dfk = | z\ 2m e 2 “^g euc , 

we get 

dfo 0 dfo = \z\ 2m e 2 ^g euc . 

Let A 0 be the second fundamental form of / 0 . Obviously, 


' D r \D i 


\Aq\ 2 < lim 


fc—>•+OO 


C\£> 


|A| 2 = 0, 


He 


then f c | v4 0 1 2 = 0 and the imagine / 0 is in a plane. Without loss of generality, we may 
assume w(oo) = 0 and fo = ( z m+1 , c). 

Next, we prove m — 0 by contradiction. Assume m > 0. By (12. 2\i . when z E D r \ D i, 


^ ra +1 


\A k (z)\ = r™ +1 \A(r k z)\ = 


-\f(r k z)\\A(r k z)\ < C(r) 


\f( r kz)\ 

Then ||A/ fc || L oo( Dr \ Dl ) < C and f k converges in fact in C 1 (A \ -A). 
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If we set f k = (ip k , /|), then 

ip k z m+1 , fl ->■ c in C' 1 ( J D r \Di). 

r 

Let 

S fc = / fc (C\ J Dfi)n(( J D 4 \ J D i )xM). 

and 

F k (x 1 , x 2 , x 3 ) = \J(x 1 ) 2 + (a; 2 ) 2 . 

Then F k is (W-smooth on E^ with no critical points when k is sufficiently large. 

Obviously, {?/ 6 Ej : F k (y) = 1} consists of compact C 1 smooth 1-dimensional mani¬ 
folds. Since ^ —>■ z m+1 and f k is an embedding, {z : F k = 1} has at least 2 components. 
Let {F k = l} = r 1 ur 2 ---U T m /, where r, ; are components of {F k = 1} and m! > 2. Let 
</>(•, t) be the flow generated by V F k /\VF k \ and put Oj = 0(T*, [— 1,2]). Then 

hi* = {2 > F k > and 12* 0 klj = 0. 

i 

That is to say that {2 > F k > |} has at least 2 components, and on each component O*, 
we can find yi such that F k (yi ) = 1 . 

Let yi = f k (zi). Recall that for any fixed small e, when k is sufficiently large, we have 

—e < — |zj | m+1 < e, i = 1 , 2 . 

We may assume zi, z 2 £ -Di+ e ' \ Di_ e t such that 

1 3 3 

e' <C -, and D 1+e > \ C {z : - > \tp k {z)\ > -}• 

Take a curve 7 such that 7 ([ 0 ,1]) C -D 1+e / \ Di_ e i, and 7 ( 0 ) = 27 , 7 ( 1 ) = z 2 . Then 

fk( 7(0)) = 2/i, /fc(7(!)) = 2 / 2 , and f k ( 7 ) C (Jo*. 

i 

It is a contradiction to the fact that Oi and 0 2 are different components. □ 


2.2. The proof of Theorem II.11 By a result of Huber [7], we may assume / to be con¬ 
formal. Without loss of generality, we assume /(0) = 0. We may assume ||H||L 2 ( C \ Bi p < e. 
Then by Theorem 2.10 in [9], 

r \\A\\L™(B 2 r\B r (0)) < C'||H|| L 2( jB4r \ jB ,( 0)) 

whenever r > 2 R. 

Let E be the image of embedding / : C —)■ M 3 . We deduce from Lemma [1.71 that 

hm - —— = 1. 

R^+oo tiR- 

Let 1/0 ^ E and I(y) = . By Lemma 4.3 in [TO] . /(E) can be extended to a smooth 

closed surface. It is easy to check that /(E) is an embedded Willmore sphere. By Lemma 
11.61 /(E) must be a round sphere, which implies that E is a plane. Then we get Theorem 

0 
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3. Compactness of a Willmore embedding sequence in M 3 


In this section, we first prove Lemma 11.81 then prove Theorem 11.41 Since the proof of 
Theorem 11.31 is very similar to Theorem 11.11 we omit it. 


3.1. The proof of Lemma 11.81 We assume 

g = e 2u g euc , with u — m log \z\ + u, 

where m is a nonnegative integer and lim 2: ^. 00 a;(z) exists. Similar to the proof of Lemma 
11.71 we let fon(z) = where r n — > +oo. we may assume f 0n converges to ( z m+1 ,c ) 

T n 

in C\Di\D r ). 

r 

Recall that <f k converges to / in C 1 . Then, we can hnd k n , such that f kn (r n z) converges 
to ( z m+1 , c). Then using the the arguments similar as we prove Lemma fl.71 we can finish 
the proof of Lemma 11.81 

3.2. The proof of Corollary 11.41 Let f k be conformal immersion of (£, h k ) into M. 3 , 
where h k is a smooth metric with constant curvature. When the genus of £ is 1, we 
assume f.i(h k ) = 1. Since the conformal structure induced by h k converges in the moduli 
space, we may assume h k converges smoothly to h 0 . By results in [8], we may hnd 
Mobius transformation a k and a finite set S, such that cr(f k ) = 1 and a k (f k ) converges 
in Wj c 2 (£ \ S, h 0 ), where 

S = {p G £ : lim lim / 

r ^° k^+oo JBr°(z) 

Let /o be the limit, which is a branched IC 2,2 -conformal immersion. Thus /o is continuous 
on £. 

The following theorems will be useful, see 0, [IS] for proofs respectively. 


\A,f>Sw}. 


Theorem 3.1. Let g k ,g be smooth Riemannian metrics on a surface M, such that g k —t g 
in C s,a (M), where s E N, a E (0,1). Then for each p E M there exist neighborhoods U k , U 
and smooth conformal diffeomorphisms p k : D —> U k , such that i) k —> d in C s+1,a (D, M). 

Theorem 3.2. Let f : D M n be a conformal immersion with gf = e 2u g euc . Assume f 
is Willmore. Then there exists an e 0 > 0 and a A > 0, such that if 



\A\ 2 dx < e 0 , 


and |w| < A, 


then 

||V fc n|| i oo( I ) T .) < C(e 0 , A,r)||4|| L 2( D ), 

where X7 = (£ 

For simplicity, choose e 0 < 87 t — 5. 

Lemma 3.3. Let f : D \ {0} —>■ M 3 be a conformal Willmore immersion with 

hf( D ) + ||^IU 2 (c\r h ) < +oo. 

If there exist r k -A 0 and embedding f k : D\D rk -A M 3 , which converges to f in C l (D\D r ) 
for any r < 1, then for any sufficiently small r 

6 2 {f(p^D r ),0)=l. 
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Proof. Set g = e 2u g euc . Using Proposition 4.1 in j8], / G W 2,2 (D), and 

u = m log \z\ + co(z), 

where m is positive integer and u G C°(D). Moreover, we have 

I/M - /(0)| e"(°) 


lim , , , 

|z|—M 3 \z m+1 


m + 1 ’ 


and 


6» 2 (/(/i 9 lA-),0) =m + 1. 

Without loss of generality, we assume /(0) =0. 

Set / = |yp-, and g = d.f ®df. Then g = jyh. Let A 0 = A — \Hg, which is the traceless 
part of A. It is well-known that 


\A°\ 2 dfi g = / \A°\ 2 dfj,g. 


' D 


ID 


Put g = e 2u g euc . We have u = u — log |/| 2 . By Gauss curvature equation 

-Ah = AT 25 , 


we get 


A'e 2 “ = - 


du 


+ 


du 


D$\D r 


8D S 3' r JdD r 

^ du f du 


2 frf 


8D S 


dr 

Ke 


Id D r 


dr 


2 u 


2 frf 


I dDr 


Ds\D r 


' dD r 


Since 


Jrf 


I dDr 




< 2 


18D r 


\Jr\ 

I/I 


= 2 


/■27T g«(re lS ) r m +1 

/ 0 r m |/(re i0 )| 


d6 < C, 


we get | f D Kdn~ g \ < C. Then f D \A\ 2 d/i^ < +oo. Therefore, f{\) satishes the conditions 
of Lemma 11.81 

Set f(z) = f(l/z), and g — df ® df — e 2u g euc . We have 

u(z) = h(-) — 21og \z\ = mlog |-| — log |/(-)| 2 — 21og \z\. 


Then 


l /( 1 )| 2 

lim (u(z) — m log \z\) — — lim log | ± * +0 = — 2w(0) + 2 log(m + 1). 


Applying Lemma fL8l (12. 3p and (12. ip . we get m = 0. 


□ 


We define 


S' = {z G E : lim lim 


r—>0 


fc^ + OO J Br° (z) 


I A fk 


>!>■ 


We need to prove S' is empty. 
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Assume S' is not empty. Given a point p G S ', we choose £4, U, i) k , as in Theorem 
13.11 and assume p = 0. We can choose U k such that £4 n S' = {p}. Let 

fk = fk° '&k 

and note that f k is a conformal map from D into M 3 . Let 

9 f k = & k 9euct hk = 6 k C/euc- 
Note that 0 is the only point in D which satisfies 


lirn lim / | A fk \dp fk > 

r ^ u fc—H-oo J D r (z) 


2 ' 


Put 


Dr k (zfc) 


\ A f k \ = 


2 — 6 ° and 


eo 


2 ’ 


* D r (z) 


\ A fk\ < VD r (z) C Di, r < r k . 


Then z k —> 0 and r k — > 0. Let f k = A( r *^+~fc) w i iere 

A fc = diam(f(z k + [0,1/2])). 

By Theorem 14.11 

IKI|L~(D r ) < c(r), Vr G (0,1). 

Then, by Theorem 13.21 f' k converges smoothly on Ds. 

For any point zo G dD i, put 

7fc(0 = ^(1 + t)z 0 , t G [0,1], and r k = diam(f k ('y k )). 

Then by Theorem 14.11 and Theorem 13.21 ——converges smoothly. Since f' k converges 
in D 3 , we may assume r k —* r 0 > 0. Then f' k converges smoothly on _D|(z 0 ). Thus f k 
converges smoothly on D k . In this way, we can prove that a subsequence of f' k converges 
smoothly on Dr for any R. Let f Q be the limit. Then u' 0 G L Z( C ) and 


L a '^t 


Obviously, // is proper. If diam(f q) = +oo, then f Q is noncompact and complete. Then 
by Theorem 11.31 // is a plane which implies that f D \Ap | 2 = 0. A contradiction. So, 
diam(f Q ) < +oo, then by Simon’s inequality [18], /u(/o) < +oo. By Proposition 4.1 in 
[8], /q can be considered as a continuous map from S 2 into M 3 . 

Now, we set f k (z) = f k (z k + z) and 


S(f k ) = U e C \ {0} : lim lim 


r —>0 


fc—H-oo JD r (z) 


IV > f }, 


and 


r(0i,0 2 ,t) = {te^:d 1 <0<0 2 }. 
Since «S(/£) is a hnite set, we can choose 6\ < d 2 , such that 

(3.1) 
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Take t k G [ a ,r], such that 


K = diam(f' k ( T(0i, 0 2 ,4))) = inf diam(f' k (T(9 ll 6 2 , t))). 


By Proposition 4.1 in [8], 


lim lim diam(f' k (T(6 1 , 0 2 ,t))) — 0, lim lim diam(f k (T(6i, 0 2 ,t))) — 0. 


t —>-0 k—>+oo 


Then 


Let 


and 


£—>•00 k —>-|-oo 


t k 

4 —» 0, and — —> Too. 
r k 


fk = 


fk{t k z + **) - f k {t k e ldl + Zfc) 


A' 


1^ 


fk ' 


>!>■ 


«5({/fc }) = U e C \ {0} : lim lim / 

r_> ' U fc—H-oo JD r (z) 

By (13.ip and Theorem 13.21 and Theorem 14.11 f k converges smoothly near T{6i,6 2 ,\). 
Following the method we get /q, we obtain that f k converges smoothly on any compact 
subset of C \ ({iS(/")} U {0}). Let /" be the limit. Then 


(3.2) 


diam(f 2 (r($ u 9 2 ,t))) = inf diam(fo(T(9i,9 2 ,t))). 

te( o,oo) 


Then fif"(D r ( 0)) = oo and /iy»(C \ D r (0)) = oo for any r. Otherwise, by Proposition 4.1 

in [8], 

lim diam(fH(r(9i, 0 2 ,t))) = 0, or lim diam(/o (r(6h, d 2 ,t))) — 0. 

t—>0 t—H-oo 

It contradicts (13.21) . Thus /" is complete, noncompact and has at least 2 ends. 

Now, choose y 0 such that 

An 


Set / = . Then /(/") converges to /(/q) smoothly on any compact subset of 

C\ ({0}US({/"})). For any small r and any z G £({/"}) U{0}, since /(/") is Willmore 
on D r (z) and converges smoothly to /(/") on dD r (z), we get Res(I(f{{), z) = 0 (for the 
dehnition of .Res, one can refer to DU!)- Then, by Lemma 4.1 in m (see also Theorem 1.6 
in [T6] ) and Lemma [3.31 J(/q) is a smooth Willmore embedding on D r (z). Moreover, for 
a large R, since /(/") is Willmore on R4 and converges smoothly on 8Dr, Res(/(/g), oo) 
is also 0. Then I (/")(-) is a smooth Willmore embedding on Rj_. 

R 

Therefore, /(/,") can be considered as a smooth conformal immersion from S 2 into M 3 . 
Obviously, J(/q) has no transversal self-intersections. By Lemma 11.61 /(/q) must be a 
round sphere. It contradicts the fact that / ( " has at least 2 ends. 

Hence we get S' = 0. 


Then, using the argument in [8j, we get 11itfc11 (s) < C (this can also be deduced 

from Theorem 14.11) . Given a point p G E, we choose U k ,U,’d k ,'d as in Theorem 13.11 and 
assume p = 0. Let f k — f k ° d k , which is conformal. Then we can choose an r, such 
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that f Dr \ A f\ 2 < e 0 . Using Theorem 13.21 / converges smoothly on Dr. We can choose r 
to be sufficiently small, such that their exists r p , such that H(P(p) C ifik(Dr). Thus fk 
converges smoothly on □ 


4. Appendix 

The proof of the following theorem can be found in 
the readers, we provide a proof in this appendix. 


. But for the convenience of 


Theorem 4.1. Let f k :D^ M n be a smooth conformal immersion which satisfies 
1 ) f D \ Af k \ 2 dpf k < 7 n — r, where r > 0 and 

{ 8n when n = 3 

47 t when n > 4. 

2) fk(D) can be extended to a closed immersed surface with 

[ lAffcl^/Ufc < A - 

Take a curve 7 : [0,1] —> D, and set Xk = diam fk{l) ■ Then we can find a subsequence 
°f f'k — w hich converges weakly in Wf^{D). Let df k <g) df k = e 2u ' k {dx 1 <S> dx 1 + 

dx 2 <g) dx 2 ). For any r <1, 

\W k \\L°°{D r ) < C(r). 

Proof. Put f k = ihidhhMl ; Yi' k = _ We h ave two cases: 

Case 1: diam(f k ) < C. By inequality (1.3) in [18] with p = 00 , < Q f or an y 

a > 0. Hence we get p(f k ) < C by taking a = diam(f , k ). Then by Helcin’s convergence 
theorem M, //. converges weakly in W^(D). Since diam f k ( 7) = 1, the weak limit is 
not trivial. 

Case 2: diam(f k ) —* + 00 . We take a point y 0 e M n and a constant S > 0, s.t. 

Bs(y 0 ) ns'= 0 , Vfc. 

Let / = j y ~ yo . 2 , and 
\y-yo r 

/" = /(/'), K = HK)- 

By conformal invariance of Willmore functional [3. 19], we have 

[ \Ax%\ 2 dfj,x'> = f |A Sfe | 2 d/i Sfc < A. 

J s' fc ' d-E k 

Since S" c B i(0), also by (1.3) in [18], we get p(f k ) < C. Let 

<5 

-={peD : lim lim f \A f n\ 2 dp f n > 7n }. 


k —^-|-oo J D(jp) 


Then /" converges weakly in Wf£(D \ S(f k )). 







10 


Y. LI 


Next, we prove that f k does not converge to a point by assumption. If f k converges 
to a point in Wff 2 ( D \ S(f k )), then the limit must be 0, for diam ( f' k ) converges to +oo. 
By the definition of /", we can find a 5o > 0, such that /"(y) D i?5 o (0) = 0. Thus for any 
p G y([0,1]) \ S(f k ), f k will not converge to 0. A contradiction. 

Then we only need to prove that f' k converges weakly in W^(D, M n ). Let be the 
limit of /'" which is a branched immersion of D in M n . Let 5* = /o _1 ({0}), which is 
isolate. Note that for any zo G S* } there exits m > 0, such that 

lim 

\z~z o \->0 \Z — Z 0 \ m 

First, we prove that for any O CC D \ (S* U S({f k })), f' k converges weakly in 
W 2 ’ 2 (D,M. n ): Since f'f is continuous on 0, we may assume dist(0, f'f (f2)) > <5 > 0. 

e Cll 

Then dist( 0, f k ($d)) > ^ when k is sufficiently large. Noting that f' k = + yo, we get 

that f' k converges weakly in IT 2,2 (hi, M n ). 

Next, we prove that for each p G S* U <S({f k }), f k also converges in a neighborhood of 
P • 

Let g fk = e 2 <g euc . Since f k G W^ lf (D 4r (p)) with / D ^ (p) |A / /| 2 d/i / / < 8tt-t when r is 
sufficiently small and k sufficiently large, by the arguments in [8], we can find a v k solving 
the equation 

-Av k = Kf k e 2Uk , z G D r and ||'L’fc||z,°°(z> T .(p)) < C. 

Since f' k converges to a conformal immersion in D ir \ Di r (p), we may assume that 

W u k\\L°°(D 2 r \Dr(p)) < C. 

Then u' k — v k is a harmonic function with \\u' k — Vk\\L°°(dD 2r (p)) < then we get — 

v k{z)\\L°°(D 2r (p)) < C from the Maximum Principle. Thus, \\u'k\\L°°(D 2r (p)) < C, which 
implies || ^fillL°°(D 2r ) < C. By the equation A f k = e 2u ' k Hf /, and the fact that 


I J2u\ , TT II2 

l e kH r k \\L2(D 2r ) 


< e 2 \\ U ‘ktiL°°(D 2r (p)) 


we get ||^fk\\w 1 ’ 2 {D r ) < C. We complete the proof. 





□ 
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